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One of the greatest difficulties traditionally found in stainless steel constructions 
has been the execution of welding parts in them. At the present time, the available 
technology allows us to use arc welding processes for that application without any 
disadvantage. Response surface methodology is used to optimise a process in which 
the variables that take part in it are not related to each other by a mathematical 
law. Therefore, an empiric model must be formulated. With this methodology the 
optimisation of one selected variable may be done. In this work, the cooling time 
that takes place from 800 to 500ºC, t8/5, after TIG welding operation, is modelled by 
the response surface method. The arc power, the welding velocity and the thermal 
efficiency factor are considered as the variables that have influence on the t8/5 
value. Different cooling times,t8/5, for different combinations of values for the vari-
ables are previously determined by a numerical method. The input values for the 
variables have been experimentally established. The results indicate that response 
surface methodology may be considered as a valid technique for these purposes. 
Key words: cooling time t8/5 response surface methodology (RSM), welding,  
                   thermal modelling, heat affected zone (HAZ). 
 
Introduction 
The cooling time between 800 and 500 ºC (t8/5) predicts the influence that the heat 
source has on a welded joint from the centre of the bead towards the base metal. Variations in 
the t8/5 can be appreciated if it is determined empirically or also if it is modelled analytically 
[1]. A numerical method employed in the modelling of the cooling time is the finite difference 
method, that can be applied for three-dimension analysis by means of the Douglas-Gunn 
method to obtain the t8/5when the heat source is moving [2,3]. 
The experimental calculation of t8/5 in structures that are susceptible to be repaired 
[4] confirms that the hardness obtained in the heat affected zone (HAZ) is similar to the 
corresponding t8/5 [5, 6]. The time t8/5 can also be determined analytically as a function of the 
equivalent carbon [7], that it is an index of the toughness and hardness of the steels. The 
welded joints carried out by resistance spot welding (RSW) and shielded metal arc welding 
(SMAW) cause thermal deformations; these can be modelled [8,9]and such deformations turn 
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out to be proportional to the temperatures reached in each process. They are also dependent 
on the cooling time, which causes a variation in the hardness of the HAZ. A consequence of 
the appearance of the deformations is the residual stresses in welded joints simulated for finite 
elements in a stainless steel pipe [10]. 
 In this research work, response surface methodology (RSM) is used as a tool for the 
modelling of the t8/5. RSM belongs to a group of techniques known as design of experiments 
(DOE) and which are used to calculate the experiments necessary for a trial according to the 
variables defined. Some research work exists which optimises the welding parameters in a 
GMAW process [11], determining the critical variables. Different analytical methods can be 
employed in the optimisation of the cooling time and in particular, RSM allows us to optimise 
a response function subjected to different independent variables.  
The principal objective of any experimental design applied to the optimisation of a 
process is to study the influence of the different operating variables or experimental factors, 
both in relation to the variability of the responses as well as to their central tendency, always 
carrying out the minimum number possible of experiments. It is a matter of establishing the 
mathematical method which relates them. To do so, a sequential strategy is carried out with 
the maximum information being obtained in different phases with a minimum of resources 
[12]. 
Analytical and numerical methods can be used to solve the differential equations 
which define the thermal diffusion process to calculate the field of temperatures in a welded 
joint. The advantage of analytical methods over experimental methods is that it is possible to 
adjust the welding parameters aimed at avoiding the undesired effects in the HAZ, using 
simple approaches. In the current work, a mathematical method based on the finite differences 
is applied to know the field of temperatures in arc welding using the GMAW procedure of an 
AISI 304 austenitic stainless steel. The parameter t8/5is obtained from the model for different 
combinations of technological variables of the process and finally the expression of the 
behaviour of the t8/5 is obtained as a function of the variable considered by means of the RSM 
application 
Numerical method to calculate the temperature distribution of TIG welding 
The numerical method that was used to calculate the temperature distribution of a 
TIG welding observes the phase transformation solid to liquid, determining the liquid fraction 
in each point of the bead. The procedure herein considered is established from a double 
ellipsoidal heat source[13-18]. The ellipsoidal non dimension heat source parameters ua and 
uc were defined from the welding variables according to eq. (1) and (2), where vs is the 
welding rate andα is the thermal diffusivity; ah and ch are the ellipsoidal semi-axes. Mean 
values of ah and ch usually adopted for a TIG welding source are 0.32 mm and 0.64 mm, 
respectively. 










v cu ?? ? ?
?   (2) 
The size of the heat and the melting area were defined according to the parameters 
obtained from the above equations. This work analyses the heat input corresponding to a 
welding of a stainless steel plate AISI 304 with the properties indicated in tab. 1 [19]. 
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Convective heat transfer and heat loss were neglected as an early approach. The process 
corresponds to a butt welded joint executed in natural position and the dimensions of the plate 
to be welded were 0.3 m long, 0.075 m width and 0.002 m thick.  
Table 1. Physical properties of the stainless steel AISI 304 
To 20 [ºC] Room temperature  
k 25 [J m-1 s-1 K-1] Fourier conductivity 
Tf 1400 [ºC] Fusion temperature 
Cp 630 [J kg-1 K-1] Specific heat  
ρ 7500 [kg m-3] Density 
ΔH 272000 [J kg-1] Latent heat 
 
 Equation (3) corresponds to the heat expression for a two-dimensional flow. 
Equation (4)expresses the value of the sum of the input heat and the solid-liquid latent heat, 
Q, that is a function of the arc voltage, V, the arc current, I, the thermal efficiency, ?, the 
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 The implemented numerical method solves eq. (3) taking into account adiabatic 
boundary conditions. Time evolution is established from the Crank-Nicolson planning and the 
partial derivatives are formulated with discretization by finite differences dividing the 2D 
geometry of the plate in ?x-side squares. The partial derivatives are calculated according to 
eq. (5) and (6). In those expressions, n represents the evolution of the time and the i,j 
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 Taking into account the mentioned above, the equation (3) turns into:  
? ? ? ?? ?1 1 1 1 1 1, , , , , 1 , 1 , , , 1 , 11 1 4     1 4n n n n n n n n n ni j i j i l j i l j i j i j i l j i l j i j i jT T T T T T T T T T Q? ??? ? ? ? ? ?? ? ? ? ? ? ? ?? ? ? ? ? ? ? ? ? ? ? ??  (7) 
Thermal diffusivity can be calculated from the material physical and dimensional properties:  




??      (8) 
 Based on the Crank-Nicolson model, a simulation program was made, [16].Running 
the program, the distribution of temperatures for each welding established conditions were 
obtained, Fig. 1. The cooling time measurement into the range of temperatures 800-500ºC was 
considered for a point located at distance of 1.5 mm from the axis of bead in all cases, Tab 2, 
[20].  
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Figure 1.Distribution of temperatures obtained by numerical modelling for the values of the 
corresponding variables for 15 simulations. 
 
Table 2. Results obtained for the t8/5 by numerical simulation[20] 
 t8/5[s]  t8/5[s]  t8/5[s] 
Simulation 1 265.68 Simulation 2 86.41 Simulation 3 162.63 
Simulation 4 108 Simulation 5 54 Simulation 6 48.96 
Simulation 7 131.78 Simulation 8 93.61 Simulation 9 16.2 
Simulation 10 86.41 Simulation 11 272.16 Simulation 12 24.84 
Simulation 13 95.05 Simulation 14 86.41 Simulation 15 11.52 
Optimization method 
The RSM is applied together with a factorial experimental design. The focus consists 
in using the design of experiments to determine the variables which present a significant 
influence on the response of interest. Once those variables have been identified, an 
approximate estimation of the response surface is obtained by means of factorial models. This 
response surface is used as a guide to gradually vary the controllable factors which affect the 
response in order to improve its value. The response surface is given by a second order 
quadratic equation, where?is the experimental error, x1, x2,…, xk are the independent variables, 
and?0, ?1, …, ?k are the regression parameters of the surface estimated from the experimental 
data [21] indicated in equation (9) in a compact manner. 
2
0
1 1 2 1
   
k k k
i i ii i ij i j
i i j i
y x x x x? ? ? ? ?
? ? ? ?
? ? ? ? ?? ? ??    (9) 
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 The factors in this work considered as variables of the welding process with an 
influence on the variable of response are: the power of the electric arc, P; the welding feed, vs; 
and the thermal efficiency factor of the welding process, ?. The response of the method will 
be affected if the levels of the factors are changed. The variable of response is the cooling 
timet8/5and the objective pursued is to optimise this value. 
 The response function can be represented with a polynomial equation, which in the 
case studied is fitted to a second degree polynomial. In accordance with the RSM, the model 
obtained is the indicated in eq.(10), that it has been developed for the indicated variables. 
2 2 2
8/5 1 2 3 4 5 6 7 8 9   o s s s st P v Pv P v P v? ? ? ? ? ? ? ? ? ? ? ? ? ? ?? ? ? ? ? ? ? ? ? ? ?  (10) 
The relationship between the factors and levels considered is shown in Tab3. 
Table 3.Levels of the welding process variables 
Factors Levels 
-1 0 1 
P [W] 910.00  1620.00  2530.00  
Vs[m/s] 3.30E-03  3.73E-03  4.16E-03  η 0.4 0.6 0.8 
 
With the combination of the values of variables indicated in Tab 1 a matrix of 
experiments has been made, taking into account the codified values of the variables according 
to the levels (-1, 0,1). These levels correspond to the minimum, mean, and maximum values of 
P, vs, η, that have been selected for the experimental TIG welding of a stainless steel plate with a 
thickness lower than 3 mm, [20]. Therefore, the input values for the simulation of the thermal 
map are real values used in welding procedures for metallic structures. The experiments selected 
for obtaining the matrix of experiments are shown in Tab 4. The values corresponding to each 
variable in the different experiments considered are indicated in Table 5. 
Table 4.Codificationof the factors - levels 
Trials 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 
P 0 0 1 0 -1 -1 1 1 -1 0 1 0 0 0 -1 
vs -1 0 0 -1 -1 0 1 0 1 0 -1 1 1 0 0 
η 1 0 1 -1 0 1 0 -1 0 0 0 -1 1 0 -1 
The RSM is expressed as a matrix form according to that established in eq. (11). In 
this way, the relationship which exists between the cooling time in the temperature range 800-
500ºC and the welding parameters used to carry out the experiments, is selected from the 
matrix of experiments. The matrix X includes the values of the selected technological variab-
les and the values calculated for their combination in the corresponding quadratic terms;  that 
is, the values of P, vs, η and their combinations, according to that indicated in eq. (12). 
? ? ? ?? ?8/5t X ??      (11) 
2 2 2
8/5       t a bP cv d eP fv g hPv kP l v m? ? ? ?? ? ? ? ? ? ? ? ? ? ?   (12) 
The independent terms a to k are those must be calculated if the combination of the 
design of experiments is considered, and which constitute the elements of the matrix β[ 
21,22]. This matrix is called the matrix of coefficients and to obtain it, it is necessary to 
transpose the matrix X and multiply it by itself to be able to solve the equation. This is 
because X is not a square matrix and, therefore, has no inverse solution. 
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Table5.Values of the matrix of experiments 
Trials P[W] vs[m/seg] η 
1 1620.00 0.0020833 0.8 
2 1620.00 0.00312465 0.6 
3 2530.00 0.00312465 0.8 
4 1620.00 0.0020833 0.4 
5 910.00 0.0020833 0.6 
6 910.00 0.00312465 0.8 
7 2530.00 0.004166 0.6 
8 2530.00 0.00312465 0.4 
9 910.00 0.004166 0.6 
10 1620.00 0.00312465 0.6 
11 2530.00 0.0020833 0.6 
12 1620.00 0.004166 0.4 
13 1620.00 0.004166 0.8 
14 1620.00 0.00312465 0.6 
15 910.00 0.00312465 0.4 
 
The t8/5 matrix contains the values of the cooling time calculated by simulation 
according to the indicated in the epigraph 2.The procedure mentioned above was applied for 
each simulated experiment. The coefficients calculated to build up the matrix β are written in 
eq. (13) in which the t8/5 cooling time is expressed according to RMS. 
5
8/5
5 5 2 7 2 2
51.2278 0.2251 1.6 066 10    510.43   28.80 0.0370
1.0499 10  2.1984 10 3.5188 10 29.3260    
s s
s s




? ? ? ? ? ? ? ? ? ? ? ?
? ? ?? ? ? ? ?      
(13) 
Discussion 
A characteristic ANOVA variance analysis is carried out to decide if the expression 
obtained, eq. (13), explains the variations existing for the t8/5, Table 6. Fig 2 depicts the 
calculated results. 







Mean square  F-quotient P-value 
Model 2 2.799 · 107 13995177.9 111.2 0 
Residue 42 5.2861 · 107 125860   
Total 44 3.327 · 107    
R2 = 84.11% & R2 (adjust) = 83.36% 
 The analysis of Tab. 6 allows the statistic F and its level of significance, which is the 
probability of rejecting the null hypothesis as being true. The level of significance allows us 
to acceptor to reject the null hypothesis, that is to say, the independence between the variables 
electric power, welding speed and thermal efficiency of the welding procedure, without 
having to compare the F value with a real value from the statistical tables of the Snedecor 
distribution function.  
In the particular case herein studied, given that the level of significance, the p-value, 
is 0.0248 it is accepted that the variation obtained in the t8/5 values is significantly greater than 
the unexplained variation and, therefore, the viability of the model presented in eq. (13) is 
justified. In this sense, it can also be established that there is not a dependence relationship 
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between the technological variables considered in this work. From eq. (13) and the values of 
each of the factors in each of its levels, the corresponding value of t8/5can be calculated for 
each of the experiments considered, according to that indicated in Fig. 2.  The difference 
which exists between the values of t8/5 obtained by simulation and those corresponding to the 
calculation carried out using RSM can be considered as the error in the RSM function, that is, 
the distance of the blue line to the red one in Fig.2. 
 
Figure 2. Comparison of  t8/5values calculated by FEM (red) and by response surface method (blue). 
 
According to  the mentioned above, the best fit of the response surface is obtained, 
in absolute value terms, for experiments 10 and 14, corresponding to values of P, vs and ? of 
1620 W, 3.12·10-3 m/s and 0.6, respectively, if the relative error is taken into account. The 
relative error is expressed as a percentage with respect to the simulated value.  
In order to visualise the influence of the process variables, Fig.3 shows the response 
surface of the cooling time t8/5 obtained by difference finites method, as a function of the 
involved factors selected by pairs. Figure 4 depicts the contours map of the cooling time as a 
function of the electric power, welding speed and thermal output. Figures 5 and 6 show the 
response surfaces and contour maps corresponding to t8/5 obtained by RSM. 
A relationship between the response method t8/5 and the factors analysed separately, 
P, vs , η , is indicated in Fig.7 from the TIG welding process. It can be observed that the 
model provides the expected tendencies in the welding process, that is to say that as the power 
of the electric arc of the welding machine is increased and the thermal output of the process 
increases, so the cooling time after welding increases.“+” symbol lines represent the 
confidence intervals, and “□” symbol dotted lines represent the evolution of every variable in 
relation to cooling time t8/5. Mean values of the input variables in the process are 1673.33 W, 
0.00312 m/s and 0.6 for P, vs and ?, respectively. The mean value of t8/5 is 106.0077 ± 25.181 
s. 
From the written above, it could be established that for the different outputs, the 
greatest values of speed experimented, together with those of lowest power, would lead to the 
lowest values of t8/5. As can be seen in Fig. 2, the lowest value for cooling time is obtained, in 
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all cases, for the lowest power applied. The same does not occur with the welding speed, 
which adopts a different optimal speed depending on the output considered. 
The values for the error are high in many cases. This suggests a refining process in 
the RSM method consisting in designing new value levels for the variables of an optimised 
setting value for the t8/5, that is to say, for a setting value for the variables P, vs ,? which  
minimises the t8/5 in accordance with equation (13). 
 
Figure 3. t8/5 as a function of thermal output, the welding speed and the electrical power. 
 
Figure 4.Contour maps of t8/5 corresponding to differences finites method. 
 
Figure 5. t8/5 calculated by RSM as a function of thermal output, welding speed and electrical power 
 
Figure 6. Graphic of contours of t8/5 calculated by RSM 
Conclusions 
In the present work RSM has been applied to evaluate the different welding variables 
influence on the cooling time in the range of 800-500ºC, t8/5,of electric arc welding processes. 
Specifically, an expression has been obtained which predicts the behaviour of the t8/5 as a 
function of the electric arc power, the welding speed and the thermal efficiency. The ANOVA 
analysis has enabled to determine that those variables affect t8/5 significantly.A RSM fit has 
been carried out from t8/5 values obtained through a numerical modelling procedure consisting of 
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the Finite Difference Method applied to the TIG welding of an austenitic stainless steel plate 
with a thickness lower than 3 mm and thus, the heat flow was considered as two-dimensional. 
 
 
Figure7. Relationship cooling time-factors 
 
An analysis of the obtained results was carried out by contrasting the values 
obtained with the numerical method and with RSM for the different variables considered. The 
analysis suggests carrying out a refining process in the setting values for the variables which 
lead to the minimum value of t8/5, using RSM. Other variables of the process, such as the 
geometry of the joint and the existence of pre-heating, could be taken into account when 
modelling t8/5. 
 The application to other materials and arc welding techniques must be done based 
on values obtained by suitably corrected numerical methods with the specific characteristics 
of the process and of the material, or from experimental data. 
Nomenclature 
ah, ch - ellipsoidal semi-axes [mm] ua, uc - ellipsoidal non dimension heat source 
parameters 
B - width of the stainless steel plate to be 
simulated, [m] 
y - response surface 
Cp - Caloric capacity, [J kg-1 K-1] vs - welding speed, [m/s] 
D - thickness of the stainless steel plate to be 
simulated, [m] Greek letters 
k   - Fourier conductivity, [J m-1 s-1 K-1] α - thermal diffusivity [m2/s] 
L  - length of the stainless steel plate to be 
simulated, [m] 
ΔH - phase change enthalpy, [J kg-1] 
P - power of the electric arc, [W] β - regression parameters of the surface estimated 
from experimental data 
To - initial temperature, [ºC] ε - experimental error 
Tf - fusion temperature, [ºC] η - thermal output of the welding procedure 
t8/5 - cooling time between 800 and 500 ºC, [s] ρ - density, [kg m-3] 
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